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Evaluation of special math functions in Calcpad

This workheet defines some of the most common special functions in R, by using the
existing numerical methods in Calcpad only in stable and precise way (as possible)

Gamma and related functions

Euler-Mascheroni constant - y = 0.577
1

(-In(t))*dt

0

Gamma function - I'(x) =

==

[5; 24.46]

22,5
20 |
17.5 |
151
12.5 {
10 |
7.5 ’e;
51\
25 N\

0 N J»M'77/)(>7,,,,1,:>:*”"/ y
0 05 1 15 2 25 3 35 4 45 5

[0.04; 0]
Checks: I'(0) =+ ,I'(4) =6 =31, I'(5) =24 = 4!

x=50,x! =501 = 3.04x1064, L&+ D =t T(50+ 1) =50 _ 3. 84,1¢-16
x! 50!
: 1
— X
Digamma function - p(x) = 11% dt -y
) _

1
(-In())™- 1

dt, where & = 107390
1-t

Polygamma function - i, (1; x) = (-1) "+ L.
€

about:blank 113



2/5/26, 4:25 PM Created with Calcpad

[4; 15]

15
12.5
10
7.5
5
2.5
0 — X
-2.5
-5
-7.5
-10
-12.5

-15
0 o5 1 15 2 25 3 35 4
[0.04; -15]

Checks:

2
W13 1) - % =pn(1;1) -

3.142

=2.292x10716

P, 1 =-2.4 -2 times Apéry constant

Wn(21) =y, =9, (2;1) - (-2.4) = -8.44x1071°

4 4
V(D) - T = wn(31) - 3.14

=2.66x10715

Incomplete Gamma functions:

v(s;x) = | (An(0)*~1dtory(s; x) = < (-ln(t))sdt+xs-e'x>

e

n =

I' (s;x)= (-In())s " YdtorI' (s;x) = % < (—ln(t))sdt—xs-e'x>

0 0
[10; 1] [10; 2]
y y
1 2
1.75
oe 1.5
06 1.25
1
04 0.75
0.2 0.5
0.25
0 X 0 X
01 2 3 45 6 7 8 9 10 01 2 3 456 7 8 9 10
[0; O] [0; 0]
. I'(x)-I
Beta function - B(x; y) = I')-Irw)
I'(x+y)

about:blank 2/13
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2
1.75
1.5

125

1
0.75

051

0.25

0O 0.250.50.75 1 1.251.51.75 2 2.252.52.75 3

[0; 0]
Checks: B(3;2)-12=1,B(4;3)-60=1

Incomplete Beta function

y

L

X

Precision = 107

ocooo
[NSIN N

0

_
Ao =NDPhOOON
<

-B(x;a; D) =

-Xi

0 0.250.50.75 1 1.251.51.75 2 2.252.52.75 3
[0.0001; 0.0001]

fta‘l-(l—t)b‘ldt

&

1
o,

Checks: B(1;1;1)=1,B(1;2;3)-12=1,

1
(In(t)) 1

=SNNwWwhIIo
NO~NUTwOoowU
ohOM

o
o
N\
NW
N

Created with Calcpad

[3; 2]

[3; 2]

(92 B e)]

-B(2;2;2)-3
2

. . 1
Riemann Zeta function - {(x) = .
<t I'(x) < 1-t
[6; 5.59]
5
4
3
2
1 —
0 X
15 2 25 3 35 4 45 5 55 6
[1.2; 0]
Checks:
Precision = 10715
6(2)—— 5(2)—3164 = 2.22x10716

about:blank

=1

dt

3/13
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(3 =1.2 - Apéry constant
{(3) - 43=4(3) -1.2=4x1071

at 3144
5(4)—%—6(4) o0 ="

Precision = 10™% = 0.0001

1
1 [ (In@)*-!
I'(x) 1+t

[6; 1]

dt

Dirichlet Eta function - 17(x) =

0.8
0.6
04
0.2

[0; 0]
Checks:
Nos = 0.605

1(0.5) = g5 =1(0.5) — 0.605 = 4.64x107

Precision = 1071°
n(1) -In(2) = 7.77x10716

72 3.142
2) - — =n(2) -
n(2) 15 n(2)

7.t 7.3.14%
T —p(4) - 222
720 72

~-2.22x10716

= -1.11x10°16

| x|
et qr, erfe(x) =1 - erf(x)

n(4) -

. 2 - sign(x)
Error function - erf(x) = —#— -
N7

0

[5; 1

about:blank 4/13
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Integral functions

X X
Fresnel integrals: C(x) = | cos(t?) dt, S(x) = | sin(#?) dt
0 0
[5; 0.977] [5; 1]
y y
1 1
0.8
0.6 / \/ WA 0.9
0.4
o.é « 0.8
0.2 0.7
-04 A \ \ P\
0.6/
0.8 A% ~/ 06
s 432901 2 3 4 5 o 1 2 3 4 5
[-5; -0.977] [0; 0.527]
Sine and cosine integrals:
ifx=0:-1/0 ifx=0:0
X X
Ci(x) = else: y + In(x) + cos(f) -1 dt’ Si(x) = else: sin(f) dt
0 t 0
[15; 0.472] [15; 1.85]
y
0.5
O \/,—\v X
05 !
_‘] 0 X
-15
-2 1
-25
30 25 5 75 10 125 15 15 10 5 0 5 10 15
[0.0293; -2.95] [-15; -1.85]
Hyperbolic sine and cosine integrals:
ifx=0:-1/0 ifx=0:0
pe X
Chi(x) = else: y + In(x) + cosh(?) -1 dt’ Shi(x) = else: sinh(t) dt
0 0 t
[4;9.81] [3; 4.97]
y
10 5
4
8 3
6 2
4 (1) «
2 -1
X -2
0 / N
-2 4
0 05 1 15 2 25 3 35 4 3.25-2-15-1-050 0.5 1 15 2 2.5 3
[0.0156; -3.58] [-3; -4.97]
li, =1.05

about:blank 5/13
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X

. 1
Logarithmic Integral - Li(x) = L dt, li(x) = ifx<d: o In(1) dt
, In(1)

X

else: Li(x) + [i,
[4; 2.97]

[0; -4.28]

Exponential Integral - £,(x) = - 1 dt, Ei(x) =
o In(?)

[4; 19.63]

if x <0:-E41(-x)
{else ifx>0:1i,+ Li(e")

0 X
AT
-5
-1-050 05 1 15 2 25 3 35 4
[-1; -4.97]
X

Dawson'’s Integral - F'p(x) = e (. et2 dt

0
[10; 0.541]

04
0.2
0 X
-0.2

-04

-10 -75 -5 -25 0 25 5 75 10
[-10; -0.541]

Elliptic integrals

Incomplete elliptic integral of the first kind -

3 1

5 \/max(l —m-sin(t)? )

dt

F(p;m) =

about:blank 6/13
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Complete elliptic integral of the first kind - K(m) = F(7_2r’ m)

[0.996; 4.16]

y
4
3
2

[
1

X

0-1 -0.75-05-025 0 025 05 0.75 1
[-1; 0]
@

Incomplete elliptic integral of the second kind - E_ (¢; m) = \/1 —m-sin(t)2 dt
0

Complete elliptic integral of the second kind - E(m) = E_ <g, m)
[1;1.91]
y

1.9
1.8
1.7
1.6

1.5
14
1.3
1.2
1.1

1
-1 -0.8-0.6-04-0.2 0 0.2 04 0.6 0.8 1
[-1; 1]

Incomplete elliptic integral of the third kind -
P
1

, max(1 - n-sin({) % €) '\/max(l —-m-sin(t)?; €)

dt

II (n;p;m) =

Complete elliptic integral of the third kind IT(n; m) =11 (n; g; m)

11(0.4; 0.6) = 2.59
[0.996; 38.55]

30
20

10

X

0—1 -0.75-05-025 0 025 05 075 1
[-1; 0]

about:blank 7113
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Jacobi elliptic functions

Jacobi elliptic amplitude
Gudermannian function - gd(x) = asin(tanh(x)) = am(u; 1)

Approximate value for small u, m, m’

am_ (u; m) = gd(u) + 1-m, (sinh(u) - cosh(u) — u) -sech(u)

To avoid numerical instabilities, the function for larger values of u is reduced to the interval

[0; K(m)] where the elliptic integral is evaluated within [0; Tt/2]. This is performed by using

the following quasi-periodical relationships:

am(u + 2K(m), m) = am(u, m) + m, for u > 2K(m)
am(u, m) = it - am(2K(m) - u, m), for u < 2K(m)

Function for evaluation of Jacobi elliptic amplitude:

am(u; m) =
ifm=0:u
elseif m=1: asin(tanh(u))
Kmy=K(m)-2
s = sign(u)
u=|ul
u
n = floor
(KmZ)
u=u-n-Kq;
else: u-J
Yy=4 _
m2

ifu>_M Koma : 71 — $Root{F(¢p; m) = Kz — u; @ € [0; E]}
am = 2

else: $Root{F(p; m) = u; @ € [max(0; y — 1); mln(2 y+ 1)]}

s-(am+n-m)
Plotform=1,1-m=1-1=10°

10° -15 10-15
Precision = 3 3 =101
J1-m? J1-12
[50; 9.66]
10 4
8
: F
4 y/a
S — y
5 _
-4 .
&
8l
10,

-50-40-30-20-10 0 10 20 30 40 50
[-50; -9.66]

about:blank

8/13
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Check: am(x; 0) = x
[10; 10]

10
7.5
5
2.5
0 X
-2.5
-5
-7.5

_1(210 -75 -5 25 0 25 5 75 10

[-10; -10]
Check: am(x; 1) = gd(x)

[10; 1.57]
y

1.5
1
0.5

0 X
-0.5
-1
-1.5

-10 -75 -5 -25 0 25 5 75 10
[-10; -1.57]

Jacobi elliptic functions
sn(u; m) =sin(am(u; m))
cn(u; m) = cos(am(u; m))

sn =sin(am (u; m))

dn(u; m) =
\/1 -m-sn-sn

¢ = am(u; m)
cs(u; m) =4 cos(¢p)
sin()
@ =am(u; m)
sn =sin(@)
cd(u; m) = < cn = cos(p)
dn =\/1 —m-sn-sn
cn/dn

@ =am(u; m)

sn =sin(@)

dc(u; m) = < cn = cos(@)
dn =\/1 —-m-sn-sn
dn/cn

about:blank 9/13
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@ =am(u; m)

sc(u; m) =1 sin(p)

cos()

@ =am(u; m)
sd(u: m) = sn =sin(p)

dn =\/1 —m-sn-sn

sn/dn

@ =am(u; m)
ds(us m) = sn = sin(@)

dn =\/1 -m-sn-sn

dn/sn

Precision = 10715

Checks:

am(1;0.5) =0.932,dn(1;0.5) = 0.823
s=sn(1;0.5) =0.803,c=cn(1;0.5) =0.596
c?+52=0.5962+0.803 =1

Reciprocal Jacobi elliptic functions

1 1 1
ns(uy;m) = ——— ,nc(uy;m) = ———— , nd(y; m) = —————
( ) sn(u; m) ( ) cn(u; m) ( ) dn(u; m)
Bessel functions
JU
Bessel functions of the first kind - J(1n; x) = 1. cos(n-0-x-sin(0)) dO
T 9
[25; 1]
y
1
0.8 \
0.6
0.4
0.2
0 W%
0.2 \/ \/\/\/
040 25 5 7.5 10125 15 17.5 20 22.5 25
[0; -0.403]
. . 2 n-ma oo
A tot f 150)-J. (n;x) = | — -cos|x— — — =
symptotic expansion (use for x > ) - J (15 x) P ( 5 4)

about:blank 10/13
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[220; 0.0562]

0.04

0.02
/1 X

of— \ /
-0.02 s

-0.04

200 202.5 205 207.5 210 212.5 215 217.5 220
[200; -0.0557]

20
1 + In(max(x; e))

Dynamic limit for numerical stability - inf(x) =
[25; 10]

10

X
00 25 5 75 101251517520 225 25

[0; O]
Bessel functions of the second kind
b inf(x)
1 . . 1
Y(n;x)==- | sin(x-sin(0) - n-60)do6 - - - (exp(n-t) + (-1)"-exp(-n-t)) -exp
s s
0 0
(-x-sinh(t)) dt
. ) 2 . .
Asymptotic expansion (use for x > 150) - Y ,(n;x) = | — -sin(x - nr_Zz
J-X 2 4
[25; 0.521] [220; 0.0559]
y
0.5
0 < x 0.04
0.02 \
-0.5
0 1 N X
1 \
-0.02
15 -0.04
20 25 5 7.5 10125 15 175 20 22.5 25 200 202.5 205 207.5 210 212.5 215 217.5 220
[0; -2] [200; -0.0564]

Recurrencetest: n =1, x=100
Y(n-1:x) + Y(n+1:x) 2x—” Y %) = Y(1 - 15 100) + Y(1 + 1; 100) — i—(')(l) Y (1

100) =-1.11x10716

about:blank 11/13
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[100; 4.04E-15]

50 60 70 80 90 100
[50; -6.76E-15]

Wronskian test: W(x) = J1(x) - Yo(x) — J1(X) - Yo(X) = 2/ (11 - X)
Wr(x)=J(1;x)-Y(0;x) =J(0; x)-Y(1; x)

__2
3.14-100
[196.88; 9.3E-16]

Wi (x) — %C = Wr(100) — —2.18x10716

7.5E-16 |
5E-16 |
2.5E-16
0 X
-2.5E-16 |
-5E-16 |
-7.5E-16 |
-1E-15 |
1.25E-15 |
10 120 140 160 180

[100; -1.29E-15]
Modified Bessel functions of the first kind
Modified Bessel functions of the second kind

Airy functions

about:blank 12/13



2/5/26, 4:25 PM Created with Calcpad

Lambert W function
Helper function - [n,(x) = In(In(x))

Approximate value - W_(x) = In(x) - In,(x)
[n,(x)

In(x)

Lower bound - W,,(x) = W, (x) +0.5- W, (x)

Secondary value - W, (x) =

Upper bound - Wy, (x) = W, (x) + . f : W ()
. if x < e: $Root{&-exp(&) =x; E€[-1; 1]}
The function - W(x) = {else: $ROOHE - exp(£) = X; & € [Wtm (X); Wiop ()1}

[10; 1.75]
y
1.5
1
0.5
0 X
-0.5

01 2 3 45 6 7 8 910
[-0.355; -0.76]

Omega constant - (2 = 0.567
Check: W(1) -Q2=W(1) -0.567=0, W(e) -1=W(2.72) -1=0

Relative error plot

[100; 4.44E-16]

y
4E-16
3E-16

2E-16
L 1T il o vl o

-1E-16
-2E-16
-3E-16
-4E-16

0 20 40 60 80 100
[-1; -4.44E-16]

about:blank 13/13



